Abstract. In this paper a solution to the free vibration problem of composite circular and annular membranes is presented. The vibrations of membranes whose material densities and/or thicknesses varied step-wise with the radial co-ordinate are considered. This approach is applied to approximate the solution to the vibration problem of a membrane with continuously varying density and/or thickness with the radial co-ordinate. The obtained analytical solutions are used in numerical investigations into the effect of parameters characterizing the composite membranes on their eigenfrequencies.
Introduction
The vibration analysis of membranes is of particular interest in the design of various acoustical devices. The solution to the vibration problem of a nonhomogenous membrane in a closed form can be derived only for the cases of some functions describing the change in the material density and thickness of this membrane. Free vibration problems of circular and annular membranes when the density varies with the radial co-ordinate are the subject of papers [1] [2] [3] [4] [5] . The solution to the vibration problem of a membrane comprising two concentric annular membranes has been derived in an exact form by Laura et al. in paper [1] . Gottlieb [2] gives the explicit values of the radial spectrum of an annular membrane with a stepped density which contains inverse fourth power logarithmic terms in the density function. The exact solutions to both the axisymmetric and antisymmetric modes of non-homogenous circular and annular membranes with polynomial variation of the density are given by Jabareen and Eisenberger in paper [3] . The eigenfrequencies for variable density membranes are obtained by a power series expansion and for multiple-connected regions by the dynamic stiffness method.
Approximate methods have been applied to solve the vibration problems of non-homogeneous membranes in numerous papers (for example in references [4] [5] [6] [7] [8] [9] various approximate methods are used). An application of the boundary point collocation method to determine the eigenfrequencies of membranes with varying mass density is presented by Cap in paper [4] . Gutierrez et al. [5] present numerical results for two lower free vibration frequencies of circular and annular membranes whose densities varied linearly, quadratically or cubically with the radial coordinate. The frequencies were calculated by using the differential quadrature method, the finite element technique, an optimized and/or improved Rayleigh quotient method and a lower bound based on the Stodola-Vianello method. The multisymplectic methods for free vibration of the membrane are proposed by Wei-Peng et al. in paper [6] . Numerical results presented in the paper verify the efficiency of the methods. The free vibration frequencies of an annular membrane for axisymmetric modes by the discrete singular convolution method, based on the regularized Shannon's delta kernel, were determined by Civalek and Gürses in reference [7] . The numerical technique for problems of free vibrations of non-homogenous membranes is presented by Reutskiy in paper [8] . The method is based on the mathematical modeling of the response of a system to external excitation over a range of frequencies. Buchanan [9] has studied vibrational properties and has demonstrated the accuracy of finite element formulation for circular and annular membranes with density variation assumed as a linear function of the radius. The free vibration of an annular membrane consisting of three concentric annular membranes was considered in the paper [10] . The solution of the problem has been derived by using the properties of Green's functions.
In this paper, a solution to the free vibration problem of composite circular and annular membranes whose densities and/or thicknesses varied step-wise with the radial co-ordinate is derived. This approach has been applied for numerical computation of eigenfrequencies of membranes with a continuous change in density and thickness in the radial direction. Free vibrations of the homogenous annular membranes with an elastic support are governed by the following differential equations: 
and the boundary conditions
Considering the free vibration of the membrane we assume functions ( )
where n ω is the natural frequency of the composite membrane. Taking equation (6) into account in differential equation (1), in continuity conditions (3)- (4) and in boundary conditions (5), we obtain a differential equation, continuity conditions and boundary conditions for functions
dU r dU r dr dr
where j n
The general solution of the differential equation (7) is given by
where 1 j C and 2 j C are arbitrary constants. Substituting the functions (10) into conditions (7)- (9), we obtain a set of 2m equations which can be written in a matrix form For a nontrivial solution of the equation (11) 
Forced vibration of a composite membrane
The differential equation to vibration of an annular membrane forced by an outer force is ( ) 
Numerical examples
The numerical computations presented here concern the frequency analysis of composite annular and circular membranes for various values of parameters which characterize their non-uniformity. The calculations of the non-dimensional free vibration frequencies were performed using frequency equation (12). The roots of this equation were determined by the application of the false position method [11] .
In the first example, the eigenfrequencies of circular and annular membrane were computed with the density function given by the formula: ( ) ( ) Table 1 -for the annular membrane and in Table 2 -for the circular membrane. The eigenfrequencies for these membranes were determined earlier by using the power series method in paper [3] by Jabareen and Eisenberger. The results for 10,15, 20 m = , obtained by using the presented method, are compared with the results given in reference [3] . The calculated free vibration frequencies nk Ω are consistent for both annular (Table 1 ) and circular (Table 2 ) membranes for 20 m = and those presented in reference [3] . The differences do not exceed 5·10 -4 for 1 k = and 3·10 -2 for 5 k = . Moreover, it can be shown that the differences decrease as the number of annular membranes m is increased.
The frequencies of the circular composite membrane of radius , b consisting of three parts (a circular inner membrane and two annular membranes) as functions of the ratio 1 r b , are presented in Figure 2 for 0. n = The material density of the inner annular membrane is much greater than the density of the other parts of the membrane, i.e. Figure 2 shows that both the material density (or membrane thickness) and the location of the inner annular membrane cause significant changes in the eigenfrequencies of the composite membrane. 
Conclusions
In this paper, a solution to the free vibration problem of annular and circular composite membranes has been derived. Numerical analysis has shown the effect of parameters characterizing the composite annular or circular membranes on their eigenfrequencies. The frequency analysis was performed for a circular membrane with an inner highlighted annular membrane whose material density (or thickness) is much greater than the material density (or thickness) of the remaining part of the membrane. The numerical results show that the location of the highlighted annular membrane has a significant effect on eigenfrequencies of the composite membrane. It follows that the application of this annular membrane can be used to introduce a specific change in the dynamical characteristic of the composite membrane. Numerical examples show that the presented method can be used to determine approximate natural frequencies of composite membranes with continuously varying densities or thicknesses.
